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magnetic field. Further the present study is relevant to nanofluid materials processing, chemical engineering coating operations exploiting nanomaterials and others.
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Nomenclature Ag = silver; Al 2 O 3 = aluminium oxide; C f = skin friction coefficient; C p = specific heat at constant pressure (J kg À1 K À1 ); Cu = copper; g = acceleration due to the gravity (m s À2 ); Gr = thermal Grashof number; Nu x = local Nusselt number; Pr = Prandtl number; r = radial coordinate normal to the cylinder (m); r 0 = radius of the cylinder (m); R = dimensionless radial coordinate normal to the cylinder; t = dimensionless time; T = dimensionless temperature; t Superscript n = grid point along the t-direction.
Introduction
Transient natural convection flow of a viscous incompressible fluid over a heated vertical cylinder is an important problem relevant to many engineering applications. The boundary layer flow and heat transfer due to stretching flat plates or cylinders are of practical importance in glass and fibre technologies and extrusion processes. The production of polymer sheets and cylinders and plastic films is based on this technology. There are number of examples which include the cooling of an infinite metallic plate or hot filaments, which are considered as vertical cylinders, in a cooling bath, the boundary layer along material handling conveyers, the aerodynamic extrusion of plastic sheets or cylinders, the boundary layer along a liquid film in condensation processes, paper production, glass blowing, metal spinning and drawing plastic films and polymer extrusion. The quality of the final product depends on the rate of heat transfer at the stretching surface or cylinder. Using a nanofluid under special circumstances has proven to enhance the heat transfer, which in turn, enhances the quality of the final stretched surface or cylinder. Sparrow and Gregg (1956) studied the laminar buoyant flow of air bathing a vertical cylinder heated with a prescribed surface temperature. Chen and Yuh (1980) considered the effects of heat and mass transfer on natural convective flow along a vertical cylinder. The problem of natural convection in laminar boundary layer flow along slender vertical cylinders and needles is presented by Lee et al. (1988) . Velusamy and Garg (1992) studied the transient natural convection over heat-generating vertical cylinder. Ganesan and Rani (1999) investigated unsteady natural convection flow along vertical cylinder with variable heat and mass transfer. Rani (2003) studied transient natural convection along a vertical cylinder with variable temperature and mass diffusion. Transient MHD free convection flow due to impulsive motion of a solid body has a number of applications in engineering and technology. Seth and Ansari (2010) studied MHD natural convection flow past an impulsively moving vertical plate with ramped wall temperature in the presence of thermal diffusion with heat absorption. Seth et al. (2011a) investigated MHD natural convection flow with radiative heat transfer past an impulsively moving plate with ramped wall temperature. Seth et al. (2011b) studied the effect of rotation on unsteady hydromagnetic natural convection flow past an impulsively moving vertical plate with ramped temperature in a porous medium with thermal diffusion and heat absorption. Khedr et al. (2009) investigated MHD flow of a micropolar fluid past a stretched permeable surface with heat generation or absorption. Seth et al. (2013) analysed the effects of thermal radiation and rotation on unsteady hydromagnetic free convection flow past an impulsively moving vertical plate with ramped temperature in a porous medium. Nandkeolyar et al. (2013) studied unsteady hydromagnetic natural convection flow of a dusty fluid past an impulsively moving vertical plate with ramped temperature in the presence of thermal radiation. Seth et al. (2015a) investigated effects of hall current and rotation on hydromagnetic natural convection flow with heat and mass transfer of a heatabsorbing fluid past an impulsively moving vertical plate with ramped temperature. Seth and Sarkar (2015) Loganathan et al. (2013) analytically studied the effects of radiation on an unsteady natural convective flow of a nanofluid past an impulsively started infinite vertical plate. Rajesh and Anwar Beg (2014) numerically analysed the effects of MHD on the transient free convection flow of a viscous, electrically conducting and incompressible nanofluid past a moving semi-infinite vertical cylinder with temperature oscillation. Abolbashari et al. (2014) studied Entropy analysis for an unsteady MHD flow past a stretching permeable surface in a nanofluid. Rajesh et al. (2015a) investigated the transient free convection flow and heat transfer of a viscous electrically conducting and incompressible nanofluid past a moving semi-infinite vertical plate subject to hydromagnetic, radiation and temperature oscillation effects. Later a mathematical model is developed for the nanofluid flow and heat transfer due to the impulsive motion of an infinite vertical porous plate in its own plane in the presence of a magnetic field and viscous dissipation by Rajesh et al. (2015b) . Also, Rajesh et al. (2016a) presented a mathematical model for the unsteady free convective flow and heat transfer of a viscous nanofluid from a moving vertical cylinder in the presence of thermal radiation. Further Rajesh et al. (2016b) studied the influence of magnetic field on the nanofluid flow and heat transfer due to the impulsive motion of a semi-infinite vertical plate by the implicit finite difference numerical method. Recently, Rajesh et al. (2016c) presented a numerical study of transient natural convection flow of an incompressible viscous nanofluid and heat transfer from an impulsively started semi-infinite vertical plate with variable surface temperature.
The objective of this paper is therefore to study the influence of a magnetic field on the transient free convective boundary layer flow of a nanofluid past a moving semi-infinite vertical cylinder with heat transfer. A numerical solution by an implicit finite-difference method of the Crank-Nicolson type is obtained. The transient velocity and temperature profiles and the axial distributions of the skin-friction coefficient and local Nusselt number are presented graphically and discussed. The present study is of immediate application to all those processes which are highly affected by heat enhancement concept and a magnetic field.
Mathematical model
The transient laminar two-dimensional boundary layer free convective flow of a viscous incompressible electrically conducting nanofluid past a moving semi-infinite vertical cylinder of radius r 0 in the presence of an applied magnetic field is considered. The x-axis is taken along the axis of the cylinder in the vertically upward direction and the radial coordinate r is taken normal to the cylinder as shown in Figure 1 . The gravitational acceleration g acts downward.
Initially, both the cylinder and the nanofluid are stationary and at the same temperature T 0 1 . They are maintained at this condition for all t 0 # 0. At time t 0 > 0, the cylinder starts moving in the vertical direction with a uniform velocity u 0 . The temperature on the surface of the cylinder is raised to T 0 w and is maintained at the same value. We assume that the uniform magnetic field with intensity of B 0 acts in the radial direction and the effects of the induced magnetic field EC 34,5 are negligible, which is valid when the magnetic Reynolds number is small. The viscous dissipation, Ohmic heating and the Hall effects are neglected, as they are also assumed to be small. The fluid is a water-based nanofluid containing copper (Cu) nanoparticles. In this study, the nanofluid is assumed to behave as a single-phase fluid with local thermal equilibrium between the base fluid and the nanoparticles suspended in it so that no slip occurs between them. A schematic representation of the physical model and the coordinate system is depicted in Figure 1 . The system is considered to be axisymmetric. The thermo-physical properties of the nanoparticles (Oztop and Abu-Nada, 2008) are given in Table I .
Under the above assumptions and following the nanofluid model proposed by Tiwari and Das (2007) , with the usual Boussinesq approximation (Schlichting and Gersten, 2001) , the governing equations are: Table I . Thermo-physical properties of water and nanoparticles Water and nanoparticles Equations (1)- (3) are subjected to the following initial and boundary conditions:
For nanofluids, the expressions of density r nf , thermal expansion coefficient (r b ) nf and heat capacitance (r C p ) nf are given by:
The effective thermal conductivity of the nanofluid according to the Hamilton and Crosser (1962) model is given by:
where "n" is the empirical shape factor for the nanoparticles. In particular, "n" = 3 for spherical-shaped nanoparticles and "n" = 3/2 for cylindrical ones.
The following dimensionless parameters are defined:
With the non-dimensional variables in equation (7), equations (1)- (3) become:
The initial and boundary conditions in non-dimensional form are given by: EC 34,5
3. Numerical solutions to boundary value problem To solve the unsteady non-linear coupled equations (8)- (10) under the initial and boundary conditions (11), an implicit finite-difference numerical method of the CrankNicolson type has been used. The finite difference equations corresponding to equations (8)- (10) are as follows:
Free convective flow
where:
The region of integration is considered as a rectangle with the sides X = 0 to Xmax = 1 and R = 1 to Rmax = 16, where Rmax corresponds to R ! 1 which lies very well outside the momentum and thermal boundary layers. Here the subscripts i and j designate the grid points along the X and R coordinates, respectively, where X = iDX and R = 1 þ jDR and the superscript n designates a value of the time t (= nDt), with DX, DR and Dt the mesh sizes in the X, R and t axes, respectively. To obtain an economical and reliable grid system for the computations, a grid independent test has been performed which is shown in Figure 2 . The step sizes in X and R directions DX = 0.02 and DR = 0.2 were found to give accurate results. Also, the time step size dependency has been carried out, from which Dt = 0.01 was found to give reliable result. During any one-time step, the coefficients U n i;j and V n i;j appearing in the difference equations are treated as constants. The values of U, V and T are known at all grid points at t = 0 from the initial conditions. The computations of U, V and T at time level (n þ 1) using the known values at the previous time level (n) are calculated as follows: the finitedifference equation (14) at every internal nodal point on a particular i-level constitutes a tridiagonal system of equations. Such a system of equations is solved by the Thomas algorithm as described by Carnahan et al. (1969) . Thus, the values of T are found at every nodal point on a particular i-level at (n þ 1)th time level. Using the values of T at (n þ 1)th time level in equation (13), the values of U at (n þ 1)th time level are found in a similar manner. Thus, the values of T and U are known on a particular i-level. The values of V are calculated explicitly using equation (12) at every nodal point on a particular i-level at (n þ 1)th time level. This process is repeated for various i-levels. Thus, the values of T, U and V are known at all grid points in the rectangular region at (n þ 1)th time level. The finite difference scheme is unconditionally stable as discussed by Ganesan and Rani (1998) . The truncation error in the finite difference approximation is O(Dt 2 þDR 2 þDX) and it tends to zero as Dt, DR and DX tend to zero. Therefore, the scheme is compatible. The stability and the compatibility ensure the convergence.
Exact solution and validation of the numerical solution
During the initial period, the body forces have not had sufficient time to generate any appreciable motion in the fluid. Hence, both velocity components are negligible for small time t. During this initial transient regime, the heat transfer process is dominated by pure heat conduction. The temperature distribution at early times is, therefore, the same as the transient conduction problem in a semi-infinite solid. The temperature distribution in a semi-infinite solid is given by the following equation (Schlichting and Gersten, 2001; Carslaw and Jaeger, 1959) :
with the initial and boundary conditions:
By introducing the non-dimensional quantities defined in equation (7), the transient temperature distribution in a semi-infinite solid can be written as:
The comparison between the transient temperature distributions calculated by equation (18) and by the current implicit finite-difference method (when f = 0) at two different early times is presented in Figure 3 . The plotted results are found to be in excellent agreement and this shows that the current implicit finite-difference method is valid for this type of transient problem.
Engineering quantities
In materials processing operations, several physical quantities are of practical interest, for example, the skin-friction coefficient C f and the local Nusselt number Nu x , which are defined, respectively, as follows:
Free convective flow where t w and q w are the skin-friction coefficient and the rate of heat transfer from the surface of the cylinder, respectively and they are given by:
Using the non-dimensional variables in equation (7), we get:
where Re ¼
is the Reynolds number. The derivatives involved in equation (22) are evaluated by using a five-point approximation formula.
Results and discussion
To study the behaviour of the transient velocity and temperature fields, extensive numerical computations are conducted for various values of the governing thermo-physical parameters and are depicted graphically. We consider a nanofluid containing copper (Cu) nanoparticles with water as a base fluid. In this study, we have considered spherical nanoparticles (n = 3) with the thermal conductivity (Maxwell Garnett, 1904) and the dynamic viscosity (Brinkman, 1952) shown in Model I in Table II . The Prandtl number Pr of the base fluid is kept constant at 6.2. The effects of the magnetic parameter, nanoparticles volume fraction and the thermal Grashof number on the transient velocity and temperature profiles are plotted in the subsequent figures. When w = 0, this study reduces the governing equations to those of a regular fluid, i.e. the nanoscale characteristics are eliminated.
The transient velocity profiles of the Cu-water nanofluid with the radial coordinate R, at X = 1.0, t = 1 for different values of the magnetic parameter M, when Pr = 6.2, Gr = 10 and f = 0.04 are presented in Figure 4 . From the figure, it is observed that as the magnetic parameter M increases, the flow rate of the nanofluid retards and thereby gives rise to a decrease in the velocity profiles. The reason behind this phenomenon is that application of a magnetic field to an electrically conducting nanofluid gives rise to a resistive-type force called the Lorentz force. This force has the tendency to slow down the motion of the nanofluid in the boundary layer. Figure 5 depicts the transient velocity profiles of a Cu-water nanofluid with the radial coordinate R for different values of the nanoparticles volume fraction f when Pr = 6.2, Gr = 10 at X = 1, t = 0.5 for the cases of both the absence (when M = 0) and the presence (when M = 2) of a magnetic field. From the figure, it is found that, in the absence of a magnetic field (when M = 0), the velocity profiles of a Cu-water nanofluid start to increase from the value of unity at the surface of the cylinder, reach their maximum and then monotonically decrease to zero along the radial coordinate R for all values of the nanoparticles volume fraction f . But in the presence of the magnetic field (when M = 2), the velocity profiles of a Cu-water nanofluid start to decrease from the value of unity at the surface of the cylinder and then monotonically decrease to zero along the radial coordinate R for all values of nanoparticles volume fraction f . Also, it is found that, in the absence of the magnetic field (when M = 0), the velocity of the nanofluid decreases with an increase in the nanoparticles volume fraction f . In the presence of a magnetic field (when M = 2) also, the similar effect of nanoparticles volume fraction f on the velocity of a Cu-water nanofluid is noticed. Furthermore, in the cases of both absence (when M = 0) or presence (when M = 2) of the magnetic field, it is noticed that the velocity of the nanofluid is exceeded by that for pure water (Newtonian viscous fluid).
The effects of the thermal Grashof number Gr on the transient velocity profiles of Cuwater nanofluid with the radial coordinate R when Pr = 6.2, M = 2, f = 0.04 at X = 1 and t = 1 are presented in Figure 6 . Because the thermal Grashof number Gr signifies the relative effects of the thermal buoyancy force to the viscous hydrodynamic force in the boundary layer region, it is observed from Figure 6 that an increase in Gr leads to an increase in the velocity of the Cu-water nanofluid in the boundary layer region. This implies that the thermal buoyancy force tends to accelerate the Cu-water nanofluid boundary layer flow. The transient velocity profiles of the Cu-water nanofluid with the radial coordinate R for different values of time when Pr = 6.2, M = 2, Gr = 10, f = 0.04 at X = 1 are presented in Figure 7 . From the figure, it is observed that the velocity of the Cuwater nanofluid is found to increase with increase in time t in the boundary layer region and finally reaches the steady state. The transient temperature profiles of a Cu-water nanofluid with the radial coordinate R at X = 1.0, t = 2 for different values of the magnetic parameter M, when Pr = 6.2, Gr = 10 and f = 0.04 are demonstrated in Figure 8 . From the figure, it is found that the temperature of the Cu-water nanofluid increases with increasing values of M. Figure 9 illustrates the transient temperature profiles of a Cu-water nanofluid with the radial coordinate R for different values of the nanoparticles volume fraction f when Pr = 6.2, Gr = 10 at X = 1, t = 2 for the cases of both the presence (when M = 2) and the absence (when M = 0) of the magnetic field. From this figure, the temperature profiles are observed to start with a maximum at the cylinder surface and then monotonically decrease to zero along the radial coordinate R for all values of f . Further, the temperature of the Cu-water nanofluid is found to increase with increasing values of f for the cases of both the presence (when M = 2) and the absence (when M = 0) of the magnetic field. Thus, the thermal boundary layer thickness increases with a rise in the values of f in the presence or absence of the magnetic field. The transient temperature profiles of a Cu-water nanofluid with the radial coordinate R for various values of the thermal Grashof number Gr when Pr = 6.2, M = 2, f = 0.04 at X = 1 and t = 2 are presented in Figure 10 . From this figure, it is observed that an increase in Gr leads to a decrease in the temperature of the Cu-water nanofluid in the boundary layer region. The effects of time t on the transient temperature profiles of the Cu-water nanofluid with the radial coordinate R when Pr = 6.2, M = 2, Gr = 10, f = 0.04 at X = 1 are presented in Figure 11 . From the figure, it is depicted that as time advances, the temperature is found to increase in the boundary layer region and finally reach the steady state. use of nanofluids is associated with changes in the heat transfer rates which in turn indicate the importance of nanofluids in the cooling and heating processes. Table III demonstrates the control of nanoparticle volume fraction on the local Nusselt number for various nanofluids, namely, copper-water, aluminium oxide-water, silverwater and titanium oxide-water. It found in Table III 
Conclusions
In this paper, the transient laminar boundary layer free convective flow of nanofluid over a moving vertical cylinder with heat transfer in the presence of applied magnetic field has been investigated. The governing partial differential equations with the corresponding initial and boundary conditions are solved numerically by an implicit finite difference scheme of the Crank-Nicolson type, which is efficient, unconditionally stable and convergent. The effects of the magnetic parameter, thermal Grashof number and the An increase in Gr leads to an increase in the velocity and a decrease in the temperature of a Cu-water nanofluid. The velocity and temperature of a Cu-water nanofluid increase with increasing time.
The temperature of a Cu-water nanofluid increases with a rise in f in the presence or absence of a magnetic field. An increase in the values of either M or f , decreases the local skin-friction coefficient, while the opposite effect is observed for Gr.
The local Nusselt number increases with a rise in Gr, f and X values. But an increase in M reduces the local Nusselt number. Choosing copper as the nanoparticle type, greater values of Nusselt number can be achieved.
